We calculate the gravitational waveform for spinning, precessing compact binary inspirals through second post-Newtonian order in the amplitude. When spins are collinear with the orbital angular momentum and the orbits are quasi-circular, we further provide explicit expressions for the gravitational-wave polarizations and the decomposition into spin-weighted spherical-harmonic modes. Knowledge of the second post-Newtonian spin terms in the waveform could be used to improve the physical content of analytical templates for data analysis of compact binary inspirals and for more accurate comparisons with numerical-relativity simulations.
I. INTRODUCTION
Coalescing compact binary systems are a key source of gravitational radiation for ground-based gravitationalwave detectors such as the advanced Laser Interferometer Gravitational Wave Observatory (LIGO) [1] , the advanced Virgo [2] , the GEO-HF [3] , the Large Cryogenic Gravitational Telescope (LCGT) (or KAGRA) [4] , coming into operation within the next few years, and future space-based detectors [5, 6] . For this class of gravitational-wave sources, the signal detection and interpretation will be based on the method of matched filtering [7, 8] , where the noisy detector output is cross correlated with a bank of theoretical templates. The accuracy requirement on the templates is that they remain as much as possible phase coherent with the signal over the hundreds to thousands of cycles of inspiral that are within the detector's sensitive bandwidth.
Constructing such accurate templates has motivated a significant research effort during the past 30 years. In the regime where the separation between the two bodies is large, gravitational waveforms can be computed using the post-Newtonian (PN) approximation method [9] [10] [11] . In the post-Newtonian scheme, the results are written as an asymptotic expansion in powers of v A /c, with v A being the magnitude of the orbital coordinate velocity v A of body A at a given time. This approximation is physically relevant for v A /c ≪ 1, i.e. in the so-called inspiraling regime where the radiation reaction forces, of order ∼ (v A /c) 5 are negligible over an orbital period and act adiabatically on a quasiconservative system. In the domain of validity of the post-Newtonian scheme, the separation r ∼ (Gm A /v 2 ) ∼ (c/v) 2 , with m = m 1 + m 2 and v = |v| ≡ |v 1 − v 2 |, remains large with respect to the radii of both compact objects ∼ Gm A /c 2 or, in other words, the bodies can be regarded effectively as point particles.
Post-Newtonian waveforms cease to be reliable near the end of the inspiral and the coalescence phase, where numerical-relativity simulations should be used to predict the gravitational-wave signal [12] [13] [14] . By combining the information from post-Newtonian predictions and the numerical-relativity simulations it is possible to accurately and analytically describe the gravitational-wave signal during the entire inspiral, plunge, merger and ringdown process [15] [16] [17] [18] [19] [20] [21] [22] [23] .
For nonspinning binaries, the post-Newtonian expansion has been iterated to 3.5PN order beyond the leading Newtonian order in the gravitational-wave phasing [24] [25] [26] . The gravitational-wave amplitude has been computed through 3PN order [27] [28] [29] [30] and the quadrupole mode through 3.5PN order [31] . However, black hole binaries could potentially have large spins [32] which may be misaligned with the orbital angular momentum, in which case the precession effects add significant complexity to the emitted gravitational waves [33] . Ignoring the effects of black hole spins could lead to a reduction in the signal-to-noise ratio and decrease the detection efficiency [34, 35] although this should be overcome with phenomenological and physical models [21, [36] [37] [38] [39] [40] [41] [42] [43] . To maximize the payoffs for astrophysics will require extracting the source parameters from the gravitational-wave signal using template models computed from the most accurate physical prediction available [44] [45] [46] [47] . Spin effects in the waveform are currently known through much lower post-Newtonian order than for nonspinning binaries. More specifically, spin effects are known through 2.5PN order in the phase [48] [49] [50] , 1.5PN order in the polarizations for spin-orbit effects [51, 52] , 2PN order for the spin 1 -spin 2 effects [51, 53] and partially 3PN order in the polarizations for the tail-induced spin-orbit effects [54] .
In this paper, we compute all spin effects in the gravitational-wave strain tensor through 2PN order. This requires knowledge of the influence of the spins on the system's orbital dynamics as well as on the radiative multipole moments. At this PN order, nonlinear spin effects attributable to the spin-induced quadrupole mo-ments of the compact objects first appear. Using results from Ref. [55] [56] [57] [58] , we derive the stress-energy tensor with self-spin terms and compute the self-induced quadrupole terms in the equations of motion and in the source multipole moments at 2PN order. Our results are in agreement with previous calculations [59] [60] [61] [62] .
The two main inputs entering our calculation of the gravitational-wave strain tensor through 2PN order are (i) the results of Refs. [50, 51, 59] for the influence of the spins on the system's orbital dynamics, which have also been derived by effective field theory and canonical methods [56, [63] [64] [65] [66] [67] [68] , and (ii) the spin effects in the system's radiative multipole moments [50] . Recently, the necessary knowledge to compute the waveform at 2.5PN order was obtained using the effective field theory approach [62, 64] . Here we use (i) and (ii) in the multipolar wave generation formalism [69] [70] [71] to obtain the waveform for spinning, precessing binaries through 2PN order. To compute the gravitational polarizations from this result, one must specify an appropriate source frame and project the strain tensor onto a polarization triad. For precessing systems, there are several frames that could be employed [8, 35, 51, [72] [73] [74] [75] [76] . For nonprecessing binaries with the spins collinear to the orbital angular momentum, the most natural frame is the one used for nonspinning binaries. Therefore, instead of choosing one frame, for simplicity, we specialize to the nonprecessing case and quasicircular orbits and provide the explicit expressions for the gravitational polarizations. Lengthy calculations are performed with the help of the scientific software mathematica R , supplemented by the package xTensor [77] dedicated to tensor calculus. Our generic, precessing result is available in mathematica format upon request and can be used to compute the polarizations for specific choices of frame. We notice that the 2PN terms in the polarizations, for circular orbits, linear in the spins were also computed in Ref. [78] . However, these results contain errors in the multipole moments, which were corrected in Ref. [50] .
For future work at the interface of analytical and numerical relativity, we also explicitly compute the decomposition of the strain tensor into spin-weighted sphericalharmonic modes for nonprecessing spinning binaries on circular orbits. The test-particle limit of these results can also be directly compared with the black-hole perturbation calculations of Refs. [79, 80] , and we verify that the relevant terms agree.
The organization of the paper is as follows. In Sec. II, we review the Lagrangian for compact objects with selfinduced spin effects [55] [56] [57] 61] , compute the stressenergy tensor and derive the self-induced spin couplings in the two-body acceleration and source multipole moments [59] [60] [61] [62] . In Sec. III we summarize the necessary information about spin effects in the equations of motion and the wave generation necessary for our calculation. In Sec. IV B we calculate the spin-orbit effects at 2PN order in the strain tensor for generic precessing binaries. In Sec. IV C we complete the knowledge of 2PN spinspin terms by including the spin self-induced quadrupole terms in addition to the spin 1 -spin 2 terms obtained in Ref. [51] . In Sec. IV E we specialize to quasicircular orbits and explicitly give the polarization tensors for nonprecessing systems. Then, in Sec. IV F we decompose the polarizations into spin-weighted spherical-harmonic modes. Finally, Sec. V summarizes our main findings.
We use lowercase Latin letters a, b, ..., i, j, ... for indices of spatial tensors. Spatial indices are contracted with the Euclidean metric, with up or down placement of the indices having no meaning and repeated indices summed over. We use angular brackets to denote the symmetric, trace-free (STF) projection of tensors, e.g., 
, where P ij = δ ij −N i N j is the projector orthogonal to the unit direction N = X/R of a radiative coordinate system X µ = (cT, X), where the boldface denotes a spatial three-vector. As usual, g µν represents the space-time metric and g its determinant.
The quantity ε ijk is the antisymmetric Levi-Cività symbol, with ε 123 = 1, and ǫ µνρσ stands for the Levi-Cività four-volume form, with ǫ 0123 = + √ −g. Henceforth, we shall indicate the spin 1 -spin 2 terms with S 1 S 2 , the spin 2 1 , spin 2 2 terms with S 2 and the total spin-spin terms with SS. Throughout the paper, we retain only the terms relevant to our calculations and omit all other terms, which either are already known or appear at a higher post-Newtonian order than required for our purposes.
II. MODELING SPINNING COMPACT OBJECTS WITH SELF-INDUCED QUADRUPOLES
In this section we review the construction of a Lagrangian for compact objects with self-induced quadrupole spin effects [55-57, 61, 81] , compute the stress-energy tensor and derive the self-induced spin couplings in the two-body acceleration and source multipole moments. Our findings are in agreement with previous results [59] [60] [61] [62] . It is well known that in order to reduce them to the three physical degrees of freedom a spin supplementary condition (SSC) should be imposed [82] . This is equivalent to performing a shift of the worldline y µ A . In this paper we specialize to the SSC S From the above discussion and Refs. [56, 83] , we assume that the Lagrangian of particle A is of the form L of parity 1 and −1 respectively. However, those higher-order moments will play no role in this paper.
Taking into account that the contraction of the velocity vector u 
Here, we have also assumed that the rotating body is axially symmetric and we have replaced S For a neutron star the numerical constant κ A in Eq. (2.1) depends on the equation of state of the fluid [85] . For an isolated black hole κ A = 1 [59, 60] , but for a black hole in a compact binary κ A can deviate from 1. However, these deviations occur at PN orders that are much higher than the ones considered here. We notice that the leading contribution κ A = 1 can be obtained by computing the acceleration of body A from Eq. (2.1) in a compact binary for m A ≪ m and matching it with the acceleration of a test particle in the gravitational field of a Kerr black hole of mass m [83] .
B. Effective stress-energy tensor with self-induced quadrupoles
The piece of the stress-energy tensor encoding the selfinduced quadrupole dynamics of body A reads by definition
A is the Lagrangian (2.1). To determine the action of the operator δ/δg µν , which stands for the usual "functional derivative" with respect to the field g µν , we need to adopt a specific model for the spin. The rotational state of the extended object A is usually represented by a tetrad of orthonormal vectors e µ Aα (τ A ) with α ∈ {0, 1, 2, 3} along the worldline y /dτ A . We now make the reasonable physical hypothesis that the rotation of the axially symmetric object takes place about the symmetry axis. The moment of inertia I A along that direction is a 2PN-order quantity ∼ G 2 m
3
A /c 4 for compactness parameters of order 1, whereas Ω µν A ∼ V A /R A , R A being the radius of body A and V A its typical internal velocity, is roughly equal to c 3 /(Gm A ). In the weak field limit where G goes formally to zero, the spin must satisfy the relation S µν A = I A Ω µν A , as in special relativity [86] . In the presence of a nonnegligible gravitational field, this relation is expected to be modified by nonminimal coupled terms proportional to positive powers of R 
Here we use a hat to distinguish the generic spin variable from the one related to our specific spin model. The corrections I A × O(Ŝ A /c 2 ) are not relevant for the twobody dynamics in this paper because they correspond to the 4.5PN order when taking into account the factor O(1/c) contained in the spin variable.
Using the definition (2.3) for the spin variables, we compute in a covariant manner the variation of the action
when the metric varies by δg µν (x), and find the following quadrupolar piece of the stress-energy tensor
where we have indicated with n * A the Dirac-type scalar density n *
and, in the last term, we have adopted the convention that symmetrization of indices applies after antisymmetrization. As derived in Ref. [81] , the most general form of the effective stress-energy tensor is
where τ A is the proper time of the Ath worldline at event y 
and redefine the spin variable entering the quadrupolar piece as
we obtain the total stress-energy tensor in the form
where the four-rank tensor J λρµν A takes the following expression in our effective description: [58, 61] . Lastly, the conservation of the stress-energy tensor (2.9a) is equivalent to the equation of motion for the particle worldline, supplemented by the spin precession equation [58] . They read
Those equations are in full agreement with the equations of evolution derived from the Dixon formalism truncated at the quadrupolar order [90] .
C. Self-induced quadrupole terms in the 2PN binary dynamics and source multipole moments
Once the stress-energy tensor has been derived, the post-Newtonian equations of motion and the source multipole moments parametrizing the linearized gravitational field outside the system can be computed by means of the usual standard techniques [10] . At 2PN order, the accelerations including the self-spin interactions were obtained in Refs. [59, 60] , but the self-induced quadrupole effects in the source multipole moments were never explicitly included in the standard version of the post-Newtonian scheme, although recently they were calculated at 3PN order using effective-field-theory techniques [91] . Here we can use the results of the previous section, which constitutes a natural extension of the standard post-Newtonian approximation for spinning compact bodies [49] , and explicitly derive the self-induced quadrupole couplings in the 2PN dynamics and source multipole moments.
Henceforth, we define the spin vectors S In the post-Newtonian formalism for point particles in the harmonic gauge, it is convenient to represent effectively the source by the mass density σ = (T 00 + T ii )/c 2 , the current density σ i = T 0i /c, and the stress density σ ij = T ij . They are essentially the components of the stress-energy tensor rescaled so as not to vanish in the formal limit c → 0 for weakly stressed, standard matter. At 2PN order, the second term in the right-hand side of Eq. (2.9a) does not contribute. From the last term, we obtain the following self-spin contributions:
where 1 ↔ 2 represents the counterpart of the preceding term with particles 1 and 2 exchanged, and δ 1 ≡ δ 3 (x − y 1 ).
At 2PN order, the spin 2 part of the equations of motion (2.10a) for, say, the first particle, reduce to
12) The only occurrence of self-spin interactions at 2PN order on the left-hand side of the above equation comes from the gradient of the time component of the metric,
, where the Newton-like potential V satisfies V = −4πGσ. Although V coincides with the Newtonian potential U in the leading approximation, it contains higher order corrections, including quadratic-inspin terms coming from the mass density (2.11a), which are smaller than U by a factor O(1/c 4 ). They read
with ∂ i = ∂/∂x i and r 1 ≡ |x− y 1 |, the symbol ∆ −1 holding for the retarded integral operator. Other potentials appear at the 1PN approximation or beyond, but their sources cannot contain a self-induced quadrupole below O(1/c 4 ); thus they are negligible here. The self-induced spin part of the acceleration a 1 of the first particle is therefore given by
(2.14) Replacement of the Christoffel symbols Γ λ µν and the Riemann tensor by the leading order values 
which agrees with Refs. [59, 60] 
. Self-induced quadrupolar deformations of the bodies also produce 2PN-order terms in the source multipole moments I L and J L . Those are defined as volume integrals whose integrands are certain polynomials in the densities σ, σ i and σ ij as well as some gravitational potentials, such as V , that parametrize the metric. Now, since those potentials are multiplied by prefactors of order O(1/c 2 ) and cannot contain themselves spin 2 interactions below the 2PN order, monomials involving one potential or more may be ignored for the calculation. The remaining sources are linear in the σ variables. With the help of the general formula (5.15) of Ref. [92] , it is then immediate to get the self-spin contribution to I L :
Inserting expression (2.11a) for σ S 2 and performing a straightforward integration, we arrive at
2 ). As a result, at the accuracy level required for the 2PN waveform, the only terms quadratic in one of the spins that originate from the source moments come from the quadrupole ℓ = 2, for which we have 19) whereas similar terms in (I L ) ℓ≥3 or (J L ) ℓ≥2 lie beyond our approximation. The above correction to the mass quadrupole agrees with that of Porto et al. [91] truncated at 2PN order. It is formally of order O(1/c 4 ) but, becauseṠ A = O(1/c 2 ), it is cast to the 3PN order in the waveform expansion given below [see Eq. (4.1)] after the second time derivative is applied. This result was already argued in Ref. [93] .
III. TWO-BODY DYNAMICS WITH SPIN EFFECTS THROUGH 2PN ORDER
The equations of motion in harmonic coordinates for the relative orbital separation x = r n in the center of mass frame are [10] 
where
1b)
with m ≡ m 1 + m 2 , ν ≡ m 1 m 2 /m 2 , n = x/r and v = dx/dt. The 2PN acceleration given, e.g., in Ref. [51] will not be needed for our calculation. The spin-orbit terms are [51] 
where we denote with δ = (m 1 − m 2 )/m and
The spin 1 -spin 2 interaction terms are [51] 
As originally computed in Ref. [59] [see Eq. (2.16) above], an additional term due to the influence of the spininduced mass quadrupole moment on the motion arises at 2PN order:
Here, q = m 1 /m 2 is the mass ratio and we recall that the parameters κ A characterize the mass quadrupole moments of the bodies. We find that the quadratic spin contribution to the acceleration can be rewritten in a simpler way by introducing the spin variables
and S − 0 , which is obtained by exchanging the labels 1 and 2 in the above equation.
2 Those variables generalize the 2 In the formal limit where the induced quadrupole of at least one body vanishes, so that e.g. κ 2 → 0, we may define the effective spins as:
quantity S 0 of Ref. [60] in the case where the two bodies are not black holes. In terms of these spin variables the spin-spin part of the acceleration reads
The spin precession equations through 2PN order are [51, 94] 
It is often convenient to use a different set of spin variables S 
7a)
IV. WAVEFORMS WITH SPIN EFFECTS AT 2PN ORDER A. General formalism
The gravitational radiation from the two-body system is calculated from symmetric trace-free radiative multipole moments I L and J L using the general formula from Ref. [69] truncated at 2PN order
where N is the unit vector pointing from the center of mass of the source to the observer's location and R is the distance between the source and the observer. Here, the superscript (n) signifies the nth time derivative, and the transverse-traceless projection operator is
The gravitational radiation (4.1) can be rewritten in a post-Newtonian expansion as
3)
The 1PN and 1.5PN spin terms are given explicitly in Refs. [51, 52] . The terms in the source multipole moments that are a priori needed to compute the spin-orbit waveform exactly at 2PN order are identified by considering their schematic structure, 
The nonspinning contributions to the multipole moments that we employed in our calculation are
6a)
B. Spin-orbit effects
Using the multipole moments of Eqs. (4.5) and (4.6) in Eq. (4.1) and substituting the equations of motion (3.1) and (3.3b), we find the following 2PN spin-orbit piece:
These contributions add linearly to the other known terms in the waveform. Note that in Eq. (4.7) we have already anticipated the transverse-traceless projection and simplified the expression using δ 
for any vectors A and B.
C. Spin-spin effects
Spin-spin terms in the waveform at 2PN order are entirely attributable to the equations of motion; they arise when substituting a SS in the time derivatives of I Newt ab . The second time derivative of the contribution I S 2 ab given in Eq. (2.19) is at least of 3PN order (because of the fact that spins are constant at leading approximation) and therefore vanishes for our calculation. We derive
We notice that the spin-orbit contributions at 2PN order are zero for an equal-mass, equal-spin black-hole binary. This is a consequence of the multipoles (4.5) being zero for this highly symmetric binary configuration. The general results (4.7) and (4.9) are available as a mathematica notebook upon request to be used to compute the gravitational polarizations and spherical harmonic modes for precessing binaries for any choice of the source frame and the polarization triad [8, 35, 51, [72] [73] [74] [75] [76] . Below, we shall derive the polarizations and spinweighted spherical-harmonic modes for the case of nonprecessing compact binaries on circular orbits.
D. Reduction to quasicircular orbits
We now specialize Eqs. (4.7) and (4.9) to the case of orbits that have a constant separation r in the absence of radiation reaction and for which the precession time scale is much longer than an orbital period. The details of the derivation of the modified Kepler law relating the orbit-averaged orbital angular frequency ω and the orbitaveraged orbital separation are discussed in Ref. [93] . The instantaneous accelerations (3.1) and (3.5) are projected onto a triad consisting of the following unit vectors: n = x/r, the vector ℓ = L N /|L N | orthogonal to the instantaneous orbital plane, where L N = mν x × v denotes the Newtonian orbital angular momentum, and λ = ℓ × n. The orbital separation r and angular frequency ω are decomposed into their orbit averaged piece, indicated by an overbar, and remaining fluctuating pieces, r =r + δr and ω =ω + δω. Projecting the equations of motion along λ yields the equality 2ωṙ +ω r or, equivalently [93] 
At the 2PN order, r and ω can be replaced by the constants r and ω, respectively, on the right-hand side. The expression for ω r 2 follows from (i) dropping the time derivatives in the above equation, and (ii) adding an integration constant determined by averaging ω r 2 over an orbit. Inserting the result in the projection along n of the equations of motion,
and linearizing in δr we find an explicit solution to the differential equation given bẏ
Inverting Eq. (4.12b) to write r as a function of ω in Eq. (4.7) and inserting there the expression (4.12a) ofṙ, we obtain the following spin-orbit terms in the waveform:
Here, we have used that 14) and similarly for Σ c . Finally, we derive the 2PN spin-spin terms for circular orbits. They read
E. Polarizations for nonprecessing, spinning compact bodies
The two polarization states h + and h × are obtained by choosing a coordinate system and taking linear combinations of the components of h TT ij . Using an orthonormal triad consisting of N and two polarization vectors P and Q, the polarizations are
Although different choices of P and Q give different polarizations, the particular linear combination of h + and h × corresponding to the physical strain measured in a detector is independent of the convention used. For nonspinning binaries, one usually chooses a coordinate system such that the orbital plane lies in the x-y plane, and the direction of gravitational-wave propagation N is in the x-z plane. When the spins of the bodies are aligned or antialigned with the orbital angular momentum, the system's evolution is qualitatively similar to the case of nonspinning bodies. This case is characterized by the absence of precession of the spins and orbital angular momentum and thus the orbital plane remains fixed in space. However, the effect of the spins gives a contribution to the phase and a correction to the amplitude of the waveform, which we explicitly provide in this subsection. We use the conventions that the z axis coincides with ℓ and the vectors ℓ, N , n, and λ have the following (x, y, z) components:
where Φ is the orbital phase defined such that at the initial time, n points in the x direction. We use the following polarization vectors:
The vector P is the ascending node where the orbital separation vector crosses the plane of the sky from below. With these conventions, Eqs. (4.16) with Eqs. (4.13), specialized to the case where the only nonvanishing spin components are (Σ c · ℓ) and (S c · ℓ), become
Here, the convention for the 2PN spin pieces of the polarizations is analogous to that adopted for the PN expansion of the waveform (4.3), with the expansion coefficients related by Eqs. (4.16) at each PN order.
F. Gravitational modes for nonprecessing, spinning compact bodies
The gravitational wave modes are obtained by expanding the complex polarization We have explicitly checked that in the test-mass limit ν → 0, Eqs. (4.27) reduce to the 2PN O(q) and O(q 2 ) terms given in Eqs. (22) of Ref. [80] (see also [79] ), after accounting for the factor of (−i) m attributable to the different conventions for the phase origin, as explained in Ref. [52] .
It is interesting to note from Eq. (4.27b) that in the nonprecessing case, the dominant h 22 mode contains only terms that are quadratic in the spin at 2PN order. By contrast, for precessing binaries, the 2PN spin-orbit terms will give a nonvanishing contribution to the 22-mode.
V. CONCLUSIONS
We have extended the knowledge of the spin terms in the gravitational-wave strain tensor to 2PN accuracy for precessing binaries. Our result includes the spin-orbit as well as the spin 1 -spin 2 and spin 2 1 , spin 2 2 effects. The quadratic-in-spin terms are entirely due to the equations of motion, whereas the 2PN spin-orbit terms come from both the corrections to the orbital dynamics and the radiation field.
For a given choice of an orthonormal polarization triad and a source frame, the gravitational-wave polarizations can be obtained by projecting our result for the gravitational-wave strain tensor given in Secs. IV B and IV C orthogonal to the propagation direction. For precessing binaries, there is no preferred unique choice of the source frame [8, 35, 51, [72] [73] [74] [75] [76] , but in the case that the spins are collinear with the orbital angular momentum, the procedure to obtain the polarizations can be carried out in a similar fashion as for nonspinning binaries. For the nonprecessing case and circular orbits, we provided ready-to-use expressions for the gravitational polarizations in Sec. IV E, which could be directly employed in time-domain post-Newtonian, phenomenolog-ical and effective-one-body-based template models [19-23, 51, 52] .
In view of the current interest in interfacing analytical and numerical relativity, we also provided the decomposition of the waveform into spin-weighted spherical harmonic modes for nonprecessing binaries and quasicircular orbits. We verified that the test-particle limit of our result reduces to the expressions obtained from black-hole perturbation theory [79, 80] . We noted that for spins collinear with the orbital angular momentum, the dominant h 22 mode of the waveform contains only quadraticin-spin effects since the spin-orbit contributions vanish in this case, although they are nonzero for generic, precessing configurations.
